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Weierstrass

A very well known result in real analysis states the following.
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Weierstrass

A very well known result in real analysis states the following.

Theorem (Weierstrass (1885))

Fix an interval K = [a, b] C R, and an € > 0. Then for all f : R — R that
are continuous on K there exists a polynomial g(x) = gk ,r(x) such that

If(x) —g(x)] <e VxeK.

Moreover this theorem has a constructive proof.
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Weierstrass Example

Define
K =11,2]
e=0.5
f=e>

Then the polynomial g(x) = 0.7 + x — 3.25x? + 2.5x3 — 0.8x* + 0.1x°
satisfies |f(x) — g(x)| < e for x € K =[1,2].

Kroitor, Alexander (UW) Approximation in a Single Complex Variable 2023

4/20



Weierstrass Example

Define

K =11,2]

e=205

f=e>
Then the polynomial g(x) = 0.7 + x — 3.25x? + 2.5x3 — 0.8x* + 0.1x°
satisfies |f(x) — g(x)| < e for x € K =[1,2].

\
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Weierstrass

This theorem was generalized by Stone considerably.
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Weierstrass

This theorem was generalized by Stone considerably.

Theorem (Stone-Weierstrass (1937))

Suppose X is a compact Hausdorff space and A is a subalgebra of C(X,R)
which contains a non-zero constant function. Then A is dense in C(X,R)
if and only if it separates points.
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Weierstrass

This theorem was generalized by Stone considerably.

Theorem (Stone-Weierstrass (1937))

Suppose X is a compact Hausdorff space and A is a subalgebra of C(X,R)
which contains a non-zero constant function. Then A is dense in C(X,R)
if and only if it separates points.

Funny-looking, but implies Weierstrass.
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Weierstrass Generalizations

How can we generalize Weierstrass in different directions?
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Weierstrass Generalizations

How can we generalize Weierstrass in different directions?
Intervals — something more general?
Approximating functions cont on K — something else?

Uniform approximation — stronger approximation?
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Weierstrass Generalizations

How can we generalize Weierstrass in different directions?
Intervals — something more general?
Approximating functions cont on K — something else?
Uniform approximation — stronger approximation?

For us:

fR—-R—f:C—C.
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What is complex analysis?

How does complex analysis differ from real analysis?
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What is complex analysis?

How does complex analysis differ from real analysis?

Real analysis
f:RX —» Rk

— Simple results, “easy” to be differentiable
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What is complex analysis?

How does complex analysis differ from real analysis?

Real analysis
f:RK — R

— Simple results, “easy” to be differentiable

Complex analysis
f 1 R?* — R2k with extra structure

— Powerful results, “hard” to be differentiable
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Complex analysis has a concrete notion of “f(z) = 00"
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Poles

Complex analysis has a concrete notion of “f(z) = 00"

Definition

Let f(z) be a function. We say zj is a pole of f if zy is a zero of
g(2) = #z-
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Poles

Complex analysis has a concrete notion of “f(z) = 00"

Definition

Let f(z) be a function. We say zj is a pole of f if zy is a zero of

g(2) = #z-

f(z) = m has poles at z= —2 and z = 1.
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Analyticity

We have a notion of analyticity.
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Analyticity

We have a notion of analyticity.

Definition
We say a function f : Q — C is analytic at zy € Q if we can write

f(z) =ao + ai(z — 20) + a2(z — zo)2 + ... for all z near z.
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Analyticity

We have a notion of analyticity.

Definition
We say a function f : Q — C is analytic at zy € Q if we can write

f(z) =ao + ai(z — 20) + a2(z — zo)2 + ... for all z near z.

Example (Entire)

z

e?, sin(z), cos(z) — analytic everywhere in C, called entire.
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Analyticity

We have a notion of analyticity.

Definition

We say a function f : Q — C is analytic at zy € Q if we can write

f(z) =ao + ai(z — 20) + a2(z — zo)2 + ... for all z near z.

Example (Entire)

z

e?, sin(z), cos(z) — analytic everywhere in C, called entire.

Example (Not Entire)

I'(z) — analytic at most places in C, has poles at {0,—1,—-2,---}.
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Runge's Theorem

“Starting point” of complex approximation.
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Runge's Theorem

“Starting point” of complex approximation.

Theorem (Runge (also 1885))

Fix a compact set K C C, ane > 0, and let A C C be a finite set with at
least one point in each component of K¢. Then for all f analytic on K
there exists a rational function R(z) = Rk ¢ af(z) such that

[f(z) — R(z)| < € Vz € K.
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Runge's Theorem

“Starting point” of complex approximation.

Theorem (Runge (also 1885))

Fix a compact set K C C, ane > 0, and let A C C be a finite set with at
least one point in each component of K¢. Then for all f analytic on K
there exists a rational function R(z) = Rk ¢ af(z) such that
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Runge's Theorem

“Starting point” of complex approximation.

Theorem (Runge (also 1885))

Fix a compact set K C C, ane > 0, and let A C C be a finite set with at
least one point in each component of K¢. Then for all f analytic on K
there exists a rational function R(z) = Rk ¢ af(z) such that

[f(z) — R(z)| < € Vz € K.

Moreover R has poles at exactly each a € A.
Non-constructive proof.
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Mergelyan's Theorem

Corollary

Fix a compact set K C C with K¢ connected, and an ¢ > 0. Then for all f
analytic on K there exists a polynomial P(z) = Pk . f(z) such that

|f(z) - P(z)|<e VzeK.

Non-constructive proof.
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Mergelyan's Theorem

Fix a compact set K C C with K¢ connected, and an ¢ > 0. Then for all f
analytic on K there exists a polynomial P(z) = Pk . f(z) such that

|f(z) - P(z)|<e VzeK.

Non-constructive proof.

Theorem (Mergelyan (1951))

Fix a compact set K C C with K¢ connected, and an ¢ > 0. Then for all f
analytic on K° and continuous on K there exists a polynomial
P(z) = Pk e f(z) such that

|f(z2) - P(z)| <e VzeK.

Constructive proof.

———=——————=— - ~
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Let K C C compact. We write
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CARP

Let K C C compact. We write
C(K) := {f | f continuous on K},
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Let K C C compact. We write
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CARP

Let K C C compact. We write
C(K) := {f | f continuous on K},
A(K) := {f € C(K) | f analytic on K°},
R(K) :== {f € A(K) | Ve>0,3 R rat. st |f(z) — Re(2)| < ¢},
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CARP

Let K C C compact. We write
C(K) := {f | f continuous on K},
A(K) := {f € C(K) | f analytic on K°},
R(K) :== {f € A(K) | Ve>0,3 R rat. st |f(z) — Re(2)| < ¢},
P(K) :={f € A(K) | Ve > 0,3 Pc poly. st |f(z) — P(z)| < €}.

R(K) C A(K) C C(K).
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CARP

Let K C C compact. We write
C(K) := {f | f continuous on K},
A(K) := {f € C(K) | f analytic on K°},
R(K) :== {f € A(K) | Ve>0,3 R rat. st |f(z) — Re(2)| < ¢},
P(K) :={f € A(K) | Ve > 0,3 Pc poly. st |f(z) — P(z)| < €}.

P(K) C R(K) € A(K) C C(K).
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Mergelyan Restated

Mergelyan (with a little extra work) states that

Theorem (Mergelyan v2)
Let K C C be compact. Then

K€ is connected <= P(K) = A(K).
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Mergelyan Restated

Mergelyan (with a little extra work) states that

Theorem (Mergelyan v2)
Let K C C be compact. Then

K€ is connected <= P(K) = R(K) = A(K) C C(K).

What about the other containment signs?
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Definition (Continuous Analytic Capactity (not really))

Let M C C be compact. Then there is a property of M called the
continuous analytic capacity of M. This is written a(M) € [0, c0).
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Definition (Continuous Analytic Capactity (not really))

Let M C C be compact. Then there is a property of M called the
continuous analytic capacity of M. This is written a(M) € [0, c0).

The actual definition is not very enlightening, but it is a
computable/estimable positive real number associated with the set.
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Definition (Continuous Analytic Capactity (not really))

Let M C C be compact. Then there is a property of M called the
continuous analytic capacity of M. This is written a(M) € [0, c0).

The actual definition is not very enlightening, but it is a
computable/estimable positive real number associated with the set.

Broadly the “complexity” of a set.
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Vitushkin's Theorem

The actual definition is a bit nonsensical! Why do we care?
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Vitushkin's Theorem

The actual definition is a bit nonsensical! Why do we care?

Theorem (Vitushkin (1966))

Let K C C be compact. Then

a(D\ K) =a(D\ K°) VD open disk

T
P(K) C R(K) = A(K) C C(K).
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Vitushkin's Theorem

The actual definition is a bit nonsensical! Why do we care?

Theorem (Vitushkin (1966))

Let K C C be compact. Then

a(D\ K) =a(D\ K°) VD open disk

T
P(K) C R(K) = A(K) C C(K).

Beautifully characterizes when R(K) = A(K)!
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Applications

1. Riemann Hypothesis?
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Applications

1. Riemann Hypothesis?
Nope!

2. Other complex analytic results?
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Applications

1. Riemann Hypothesis?
Nope!

2. Other complex analytic results?
Yes!
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Applications

1. Riemann Hypothesis?
Nope!

2. Other complex analytic results?
Yes!

3. My favourite theorem
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Birkhoff's Theorem

Theorem (Birkhoff's Universality Theorem (1929))

There exists an entire function f (analytic at each point in C) such that:
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Birkhoff's Theorem

Theorem (Birkhoff's Universality Theorem (1929))

There exists an entire function f (analytic at each point in C) such that:

e for all g entire,

e for all K C C compact,
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Birkhoff's Theorem

Theorem (Birkhoff's Universality Theorem (1929))

There exists an entire function f (analytic at each point in C) such that:

e for all g entire,
e for all K C C compact,
e foralle >0,
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Birkhoff's Theorem

Theorem (Birkhoff's Universality Theorem (1929))

There exists an entire function f (analytic at each point in C) such that:
e for all g entire,

e for all K C C compact,
e foralle >0,

there exists some oo = ag k. € C such that

If(z+a)—g(z)| <e VzeK.
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Birkhoff's Theorem

Theorem (Birkhoff's Universality Theorem (1929))

There exists an entire function f (analytic at each point in C) such that:
e for all g entire,

e for all K C C compact,
e foralle >0,

there exists some oo = ag k. € C such that

If(z+a)—g(z)| <e VzeK.

We call such a function f a universal function.
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Birkhoff's Theorem

Theorem (Birkhoff's Universality Theorem (1929))

There exists an entire function f (analytic at each point in C) such that:
e for all g entire,

e for all K C C compact,
e foralle >0,

there exists some oo = ag k. € C such that

If(z+a)—g(z)| <e VzeK.

We call such a function f a universal function.

The Riemann Zeta function ((z) is a universal function!

Kroitor, Alexander (UW) Approximation in a Single Complex Variable

2023 17 /20



Conclusion

Takeaways in descending importance to your life:
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Conclusion

Takeaways in descending importance to your life:
1. Zeta function universality = power/beauty/complexity of (.
2. Existence of universal function = beauty of complex analysis.

3. Approximation is a tool that exists.
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Continuous Analytic Capacity

Definition (Continuous Analytic Capacity)
Let M C C. Define € (M) to be the set of all functions f : C — C st
1. f(z) = 0as z — oo,
2. |f(z)] <1forall zeC,
3. f is analytic on K€ for some compact K C M,
4. f is continuous on C.

By these conditions we can expand f at “co” as

f f f
C (e}

c
f 1, =2, =3, . ..
(2) z * z2 + z3 +
Then we define the continuous analytic capacity of M as

a(M):= sup |cf|= sup | lim zf(2)]= sup |f'(c0)].
feg (M) feg(m) 7 fes (M)
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Riemann Zeta Universality

The actual result is as follows.

Theorem (Voronin's Universality Theorem (1975))

Let 0 < r < }. Let f(z) be a function that is analytic and non-zero in the

disk D,(0) and continuous on D,(0). Then there is some T € R such that

((z+ 2 +it) = f(z)] Vz e D/(0).

Corollary

Same result, but with any arbitrary open disk D,(w) with r > 0 instead of
small ones centered at the origin, permitting a single affine shift z — #5.*
to get our disk back to the origin.
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